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1

Introduction

It has been demonstrated time and again that quantum algorithms have the potential to solve
certain problems much more efficiently than classical algorithms. Therefore, it is imperative to
study how much more powerful quantum computation is compared to classical computation, in
order to better understand the limits of computation. The computational complexity community
has introduced complexity classes dedicated to quantum computation in order to study the power
of quantum computation, and our report will be about one such complexity class: quantum
Merlin-Arthur (QMA). QMA can be considered as a single-message interactive proof system in
which the prover (Merlin) sends a quantum state as a proof to the verifier (Arthur), and the
verifier has to decide using the proof whether an input string belongs to a language. For our
project in particular, we look at the question of whether multiple Merlins can grant us additional
computational power. In classical Merlin-Arthur (MA), multiple Merlins are no different from a
single Merlin, but it appears that multiple Merlins are more powerful than a single Merlin in the
quantum case due to quantum phenomena such as entanglement. In this report, we will
summarize some of the work and discoveries with regards to this question. We will show a
detailed proof sketch of how QMA(k) = QMA(2) (that is, QMA with k and 2 Merlins
respectively), and demonstrate some supporting evidence that suggests QMA(2) ̸= QMA.
The layout of the remainder of this report is as follows: we first present some relevant background
about the MA and QMA complexity classes in Section 2. In Section 3, we go through some attempts
to prove QMA(k) = QMA(2) and a detailed proof sketch of Harrow & Montanaro’s (2013) proof
of QMA(k) = QMA(2). In Section 4, we go through some arguments (albeit not complexitytheoretic ones) that support the case for QMA(2) ̸= QMA, and also introduce some problems that
are known to be in QMA and QMA(2). Finally, in Section 5, we go through some of the other open
problems with regards to QMA.

2
2.1

Background
Complexity classes and interactive proofs

Formally, a complexity class defines a set of languages for which we are able to determine
whether an input string belongs to that language (i.e. we can determine the membership of an
input string in that language), using some model of computation. For example, the P (polynomial
time) complexity class contains the set of all languages for which we can determine the
membership of an input string in polynomial time with a deterministic Turing machine. In
general, these membership problems can be used as an abstraction for much more practical
problems, and therefore the study of complexity classes is crucial to understanding on a
theoretical level the kinds of problems that we can or cannot solve using computation with
reasonable resources. One of the most important unsolved questions of computer science and
mathematics is the question of whether P = NP, and proving either result will cause widespread
ramifications throughout the whole mathematical and scientific community.
Interactive proofs are a model of computation that can be used to solve the membership problem
1

as described earlier. As the name suggests, an interactive proof involves interaction between two
parties, a prover and a verifier. The job of the verifier is to determine if an input string is in a given
language, and the prover’s job is to try and convince the verifier that the input string is indeed in
the language. We typically consider the prover to have unlimited resources and the verifier to have
limited resources (i.e. time and space polynomial in the length of the input string). The prover
and verifier can interact by sending messages to each other, and at the end of the interaction, the
verifier has to produce a binary output (accept/reject) which is the verifier’s guess of whether the
input string belongs to the language. Many of the most studied complexity classes can in fact be
modelled under an interactive proof system. For example, the P complexity class can be seen as
a zero-message interactive proof in which the verifier executes a deterministic polynomial time by
itself to determine the membership of the input string. This is similar for the classes BPP (boundederror probabilistic polynomial time) and BQP (bounded-error quantum polynomial time), except
that the verifier now runs a bounded-error probabilistic or quantum algorithm for BPP and BQP
respectively. However, we note that since these algorithms can produce wrong outcomes due to
their probabilistic nature, we typically require these algorithms to produce the correct output at
least 23 of the time (completeness condition) and the wrong output at most 13 of the time (soundness
condition). In practice, the completeness and soundness gap can be amplified to tend exponentially
close to 1 simply through repetition. Lastly, we can model the NP (non-deterministic polynomial
time) complexity class as a single message interactive proof, where the prover sends a polynomialsize proof to the verifier and the verifier checks the proof with a deterministic polynomial time
algorithm. There are many other complexity classes that can be modelled with interactive proofs,
and one interesting fact is that the complexity class IP (which contains all the languages that we
can use an interactive proof system to determine membership) is equal to the complexity class
PSPACE (the set of all languages for which we need polynomial space to determine membership)
(Shamir, 1992).

2.2

Merlin-Arthur

The Merlin-Arthur complexity class MA is very similar to the complexity class NP. Both NP and
MA are single-message interactive proof systems, with the prover sending a single proof to the
verifier for checking. The difference is that in NP, the verifier runs a deterministic polynomialtime algorithm, while for MA, the verifier can run a probabilistic polynomial-time algorithm. Due
to the probabilistic nature of the verifier, we now have to also define error bounds like in BPP and
BQP. The key concept to capture is that if the input string is in the language, the prover should be
able to convince the verifier of this, and if not, the prover should not be able to falsely convince the
verifier that the string is in the language. With this, we have the following definition:
Definition 1 Let L be a language in MA. Let x be the input string. Then there exists a probabilistic
polynomial-time algorithm V such that:
• If x ∈ L, then there exists a string y with |y| = poly(|x|) such that V (x, y) = 1 (i.e. V
accepts) with probability at least 32 (completeness).
• If x ̸∈ L, then for every string y with |y| = poly(|x|), V (x, y) = 1 (i.e. V accepts) with
probability at most 31 (soundness).
2

Finally, one thing to note about MA is that Arthur refers to the verifier and Merlin refers to the
prover, as a reference to the mortal and oracle capabilities of Arthur and Merlin in folklore. In this
report, we will freely interchange between the terms prover/verifier and Merlin/Arthur.
Additionally, the MA complexity class should not be confused with the Arthur-Merlin complexity
class AM. In AM, Arthur has to first tell Merlin about its random rolls (a.k.a. coin tosses), before
Merlin sends Arthur a proof. From then on, Arthur can only run a deterministic polynomial-time
algorithm using its coin tosses and Merlin’s proof.

2.3

Quantum Merlin-Arthur

As its name suggests, Quantum Merlin-Arthur (QMA) is the quantum version of MA. In QMA,
Merlin can now send a quantum state as a proof, and Arthur can run a quantum algorithm.
Therefore, the definition of QMA is very similar to MA.
Definition 2 Let L be a language in QMA. Let x be the input string. Then there exists a
polynomial-time quantum algorithm V such that:
• If x ∈ L, then there exists a state |ψ⟩ with poly(|x|) qubits such that V (|x⟩, |ψ⟩) = 1 (i.e. V
accepts) with probability at least 32 (completeness).
• If x ̸∈ L, then for every state |ψ⟩ with poly(|x|) qubits, V (|x⟩, |ψ⟩) = 1 (i.e. V accepts) with
probability at most 31 (soundness).
If one refers to BQP as the quantum analogue of P, then one can refer to QMA as the quantum
analogue of NP.

2.4

Multiple Merlins

Expanding on the interactive proof system, one can consider a system in which there is more than
one Merlin. We denote the MA complexity class and the QMA complexity class with k Merlins as
MA(k) and QMA(k) respectively (with k being polynomial). Do multiple Merlins make a
difference in the computations that can be done, i.e. are there languages for which we cannot
solve the membership problem with one Merlin, but we can if we use more than one Merlin? For
the case of MA(k), we have a very simple argument that shows that MA = MA(k). In MA(k), the
k Merlins send Arthur k proofs in total, and Arthur executes its algorithm using these k proofs.
However, we do not actually need k Merlins to send k proofs, and they can all be sent by just one
Merlin by concatenating the proofs. The total size of the proofs sent is still polynomial since k is
polynomial and each individual proof is polynomial-size. Therefore, we can simulate any MA(k)
procedure with one Merlin, i.e. MA(k) ⊆ MA(k). Clearly MA ⊆ MA(k) since Arthur can just
ignore all proofs other than the first one so as to simulate an MA algorithm. Therefore,
MA = MA(k).
For QMA(k), it is in fact an open problem whether QMA(k) = QMA (or just QMA(2) = QMA;
we show a proof sketch of QMA(k) = QMA(2) in this report). The classical method of simply
having a single Merlin concatenate multiple proofs does not work in the quantum case. While k
independent Merlins are guaranteed to provide a product of k unentangled states, a single Merlin
3

who is supposed to send a product of k states might cheat by entangling the k states. There is no
straightforward way to convert a generic states to a product of k states (Aaronson et al., 2008),
nor check whether a single state is a k-partite state or far from any k-partite state (Harrow &
Montanaro, 2013). Therefore, it appears that a single Merlin cannot easily simulate a
multiple-Merlin protocol, and thus having multiple Merlins seems to lend us additional
computational power, although there is no formal complexity-theoretic proof of this yet.

3

QMA(k) = QMA(2)

In this section we will first go through some previous work that have attempted to prove QMA(k) =
QMA(2), and present a proof sketch of Harrow & Montanaro’s (2013) theorem that QMA(k) =
QMA(2).

3.1

Previous work

The notion of QMA(k) was first introduced by Kobayashi et al. (2003). We will use the notation
used by Kobayashi et al. (2003) in this paper.
Definition 3 Let L be a language in QMA(k, c, s). Let x be the input string. Then there exists a
polynomial-time quantum algorithm V such that:
• If x ∈ L, then there exists states |ψ1 ⟩, |ψ2 ⟩, . . . , |ψk ⟩ with poly(|x|) qubits such that
V (|x⟩, |ψ1 ⟩, |ψ2 ⟩, . . . , |ψk ⟩) = 1 (i.e. V accepts) with probability at least c (completeness).
• If x ̸∈ L, then for every set of k states |ψ1 ⟩, |ψ2 ⟩, . . . , |ψk ⟩ with poly(|x|) qubits,
V (|x⟩, |ψ1 ⟩, |ψ2 ⟩, . . . , |ψk ⟩) = 1 (i.e. V accepts) with probability at most s (soundness).
Furthermore, we define QMA(k, 23 , 13 ) = QMA(k) and QMA(1) = QMA.
Kobayashi et al. (2003) also proposed a method of reducing the number of Merlins at the expense
of soundness. They showed that
δ
ε
QMA(3k + r, 1 − ε, 1 − δ) ⊆ QMA(2k + r, 1 − , 1 − )
2
20
We now present a brief illustration of this procedure using a reduction from 3 to 2 Merlins (as
described by Kobayashi et al. (2003)). The generic case of reducing from 3k + r to 2k + r Merlins
is a generalization of this procedure. Let V be the verification algorithm in the QMA(3, 1−ε, 1−δ)
system (which also describes a unitary) taking in an input x. Let qV (|x|) be the number of private
qubits used by V , and let qM (|x|) be the number of qubits in each proof, where qV and qM are
polynomials. Let |ϕ1 ⟩, |ϕ2 ⟩, |ϕ3 ⟩ be the 3 proofs that are expected to be sent in this system. Now,
δ
let the verifier for the QMA(2, 1 − 2ε , 1 − 20
) system be W . W requires four registers R1 , R2 , S1 , S2
(each having qM (|x|) qubits) for storing the proofs, one register T (with qV (|x|) qubits) for its
private qubits, and a single-qubit register B. W now expects to receive proofs |ψ1 ⟩ = |ϕ1 ⟩ ⊗ |ϕ3 ⟩
and |ψ2 ⟩ = |ϕ2 ⟩⊗|ϕ3 ⟩. When W receives the proofs |ψ1 ⟩, |ψ2 ⟩, they are stored in registers (R1 , S1 )
and (R2 , S2 ) respectively. Then W does one of the following (each with 12 probability):
4

• Separability test: do a controlled swap test on S1 and S2 using B as the control bit, i.e.
first apply a Hadamard gate to B, use B to control the swap of registers S1 and S2 , apply a
Hadamard gate to B again and measure B.
• Consistency test: simply apply the original procedure V to registers T, R1 , R2 , S1 .
To show completeness, we can show that having two accepting proofs as expected would always
pass the separability test, since the controlled swap test always passes when swapping identical
states, and indeed S1 and S2 are supposed to both contain |ϕ3 ⟩. The consistency test is simply the
original verifier algorithm which has a completeness of 1 − ε. Therefore, the overall completeness
probability is now 1 − 2ε . To show soundness, they showed considered Tr(ρσ), the trace of the
product of the density matrices of the states in S1 and S2 . If Tr(ρσ) ≤ 1 − 5δ , the separability test
δ
passes with probability at most 1 − 10
, and if Tr(ρσ) > 1 − 5δ , the consistency test passes with
δ
δ
as well. Therefore, the overall soundness is upper bounded by 1 − 20
.
probability at most 1 − 10
The main problem with Kobayashi et al.’s (2003) reduction is the issue of increasing soundness.
To use this method to show that QMA(k) = QMA(2), we have to assume the possibility of
reducing the soundness probability. In classical settings, this is usually achieved through simple
repetition. We can make use of independent runs of the algorithm, and accept/reject based on
what fraction of all runs accepted. Using Chernoff bounds, we can obtain a soundness probability
that decreases exponentially with the number of runs. In QMA settings, we can simulate
repetitions by having each Merlin send r copies of a proof if there are to be r repetitions.
However, due to the quantum nature of the proofs, a dishonest Merlin (attempting to convince
Arthur that the input x is in the language when it is not) can choose to entangle the copies of the
proof. Then when Arthur runs its verifier algorithm on one of these copies, he can introduce
entanglement into the previously unentangled proofs from the independent Merlins that have not
been measured yet. This is the phenomenon of entanglement swapping, and its occurrence
implies that the proofs are no longer guaranteed to be unentangled, when previously we assumed
that the proofs are unentangled. Therefore, our arguments for completeness and soundness break
down. We demonstrate a simple illustration of entanglement swapping here:
|ψ1 ⟩AB = |Ψ+ ⟩
|ψ2 ⟩CD = |Ψ− ⟩
|ψ⟩ABCD = |ψ1 ⟩AB |ψ2 ⟩CD

1
|Ψ+ ⟩BC |Ψ− ⟩AD + |Ψ− ⟩BC |Ψ+ ⟩AD + |Φ+ ⟩BC |Φ− ⟩AD + |Φ− ⟩BC |Φ+ ⟩AD
|ψ⟩BCAD =
2
In this example, when we measure qubits B and C in the Bell basis, the unmeasured qubits A and
D become one of the Bell states as well and hence are entangled, even though these two qubits
were previously unentangled.
Aaronson et al. (2008) also proposed a reduction from QMA(k) to QMA(2), by proposing a
method to minimize the impact of entanglement swapping. The idea is to have the Merlins send a
lot more copies of the proof than Arthur is going to check (although still a polynomial number of
them), and Arthur picks the copies to check uniformly at random. After measuring each copy, the
remaining unmeasured copies are supposed to be close to separable, as the entanglement will be
5

more “spread out” among the large number of copies. However, results from König & Renner
(2005) show that we require an exponential number of copies to achieve this. Aaronson et al.
(2008) however proposed that using a suitable measure of entanglement, we only need a
polynomial amount of copies. One measure of entanglement that is conjectured to obey these
properties is the entanglement of formation (Bennett et al., 1996), but this conjecture is only true
if we assume that a weak version of the Additivity Conjecture (King & Ruskai, 2001; Shor, 2004)
is true (note that the actual Additivity Conjecture was proven false (Hastings, 2009)). As of now,
this assumption has not yet been proven to be true.

3.2

Proof of QMA(k) = QMA(2)

Finally, we present a detailed proof sketch of Harrow & Montanaro’s (2013) proof of QMA(k) =
QMA(2). Let V be the original QMA(k, c, s) verifier algorithm. If the input x is in the language,
then let |ϕ1 ⟩, |ϕ2 ⟩, . . . |ϕk ⟩ be the proofs that would be accepted by V with probability at least c.
Let W be the algorithm for 2 Merlins, and if x is in the language, W expects to receive two copies
|ψ1 ⟩ and |ψ2 ⟩ that are both |ϕ1 ⟩|ϕ2 ⟩ . . . |ϕk ⟩. Then with 21 probability each, W does one of the
following:
• Perform product test using |ψ1 ⟩ and |ψ2 ⟩ as input.
• Use one of |ψ1 ⟩ or |ψ2 ⟩ to execute V and output the same result.
We now describe the product test. The product test is simply k controlled swap tests performed on
the k “proofs” of |ψ1 ⟩ and |ψ2 ⟩, and the product test accepts if and only if all of these controlled
swap tests accept. The purpose of the product test is to check if the two states are k-partite (i.e. a
product of k states). It is clear that if the two Merlins send the two proofs in the expected format,
then the product test will always pass, since the controlled swap test passes with probability 1 if
used on two identical states. Next, Harrow & Montanaro (2013) proved that if the state
|ψ⟩ = |ψ1 ⟩ = |ψ2 ⟩ has at most a 1 − ε overlap with any other k-partite state (i.e. |⟨ψ|ϕ⟩|2 ≤ 1 − ε
where |ϕ⟩ is a k-partite state), then the product test passes with probability at most 1 − Θ(ε).
Harrow & Montanaro (2013) proved that the procedure for W above results in a completeness
(1−s)2
′
and
s
=
1
−
respectively, i.e. only a polynomial blow-up. Thus,
and soundness of c′ = 1+c
2
100
QMA(k, c, s) ⊆ QMA(2, c′ , s′ ). We have encountered the same problem of increasing soundness
as in Kobayashi et al.’s (2003) approach, however, Harrow & Montanaro (2013) proved that in
this protocol, Arthur only has to make separable measurements.
Define SEP as the set of all
P
measurements M that can be written in the form M = i αi ⊗ βi for some positive semidefinite
matrices {αi } and {βi }.
Then we can write the stronger statement
QMA(k, c, s) ⊆ QMASEP (2, c′ , s′ ), where QMASEP implies that Arthur is only allowed to make
measurements belonging to SEP (and thus clearly QMASEP (k, c, s) ⊆ QMA(k, c, s)). The most
important property of separable measurements is that entanglement will not be introduced in the
unmeasured states, thus allowing us to avoid the whole problem of entanglement swapping. With
this insight, we can now write QMASEP (2, c′ , s′ ) ⊆ QMASEP (2, (c′ )r , (s′ )r ). This is achieved by
simply repeating the whole procedure r times and accepting if and only if all runs accept, and this
is now possible since we know that entanglement swapping will not occur. Therefore, we now
have a way to reduce the soundness probability exponentially. The final issue is that the
6

completeness also decreases exponentially if the initial completeness c ̸= 1. However, this can be
fixed using a method introduced by both Kobayashi et al. (2003) and Aaronson et al. (2008) to
bring the completeness of a QMA(k) procedure exponentially close to 1 with only a polynomial
blow-up in soundness. The method simply involves a polynomial number of repetitions of the
original algorithm (by multiplying the number of Merlins and thus achieving independent runs of
the algorithm) and accepting if and only if a certain fraction of the runs accepted. We then use
Chernoff bounds to calculate the increase in completeness and Markov’s inequality to calculate
the increase in soundness. This is the last piece of the puzzle and the final steps for converting a
QMA(k) to QMA(2) procedure is as follows:
• Increase completeness to exponentially close to 1 (by introducing more Merlins to execute
multiple (polynomially many) repetitions of the algorithm).
• Apply the QMA(k, c, s) to QMASEP (2, c′ , s′ ) procedure.
• Repeat the everything r (polynomial) times to get completeness and soundness of (c′ )r and
(s′ )r .
By choosing appropriate polynomials in the first and third step above, we can eventually achieve a
completeness and soundness of 1 − exp(−p(|x|)) and exp(−p(|x|)) respectively for some
polynomial p. Therefore,


2 1
SEP
= QMA(2)
QMA(k, c, s) ⊆ QMA
(2, 1 − exp(−p(|x|)), exp(−p(|x|))) ⊆ QMA 2, ,
3 3

4

QMA(2) vs. QMA

In this section, we explore some evidence which supports the claim that QMA(2) ̸= QMA, which
means that it is likely that having multiple Merlins does increase the possibilities of languages
which can be accepted. Currently, it is not known whether this claim is true, and it is difficult to
even give an oracle separation. There exist problems that are known to be in QMA(2) but their
membership in QMAis unknown, which suggests that it might not be possible to simulate multiple
Merlins using a single Merlin (simulating a QMA(2) protocol in QMA). We shall discuss briefly
about one such problem: Pure State N-representability (Liu et al., 2007).
Aaronson et al. (2008) showed that the number of qubits used for a 3SAT proof can be reduced
almost quadratically if a bounded number of unentangled quantum witnesses are available. It is not
known how to acheieve the same improvement with a single quantum witness, again demonstrating
the possible superiority of multiple quantum witnesses. In the same work, they also rule out one
possibility of showing that QMA(2) protocols can be simulated in QMA, by showing that “perfect
disentanglers” do not exist.

7

4.1

Pure State N-representability

In quantum chemistry, the Local Hamiltonian Problem involves determining the ground state
energy of a spin Hamiltonian that is a sum of 2-local terms (in n qubits). This problem has been
shown to be a QMA-complete problem, which means that it is in QMA and any problem in QMA
can be reduced to it (Kempe et al., 2005). This work gives two proofs for this result, one using the
projection lemma (approximating a non-local Hamiltonian by a local Hamiltonian) and
elementary linear algebra, and the other based on pertubation theory, which is based on
techniques used to analyze sums of Hamiltonians.
The N-representability problem involves verifying (up to some tolerable precision) whether a
given 2-particle (fermion) density matrix represents the state of an N particle system with all
particles other than the two represented by the matrix traced out from the overall quantum state of
the system. Liu et al. (2007) showed that this problem is QMA-complete. A sketch of their proof
is to first give a quantum verifier for a candidate solution to this problem, showing that it is in
QMA. They then reduce this problem to the local Hamiltonian problem, which is QMA-complete,
hence proving that N-representability is QMA-hard, and hence QMA-complete.
If it is also the case that the overall state of the N fermions in the N-representability instance is
a pure state, then this special case is called the pure state N-representability problem. Here, the
verifier (Arthur) is ”promised” that the state of the system he receives is a pure state. The issue that
arises in this case is that the prover (Merlin) can now cheat, and hand over a correlated (mixed)
state to Arthur. This situation is similar to what distinguishes QMA(k) from QMA: in QMA(k),
the verifier is promised to receive a tensor product of quantum states as a witness. Hence, the
pure state version of the N-representability problem is contained in the complexity class QMA(k),
which is not known to be the same as QMA, so this problem is conjectured to be harder than
standard N-representability.

4.2

√
Proving 3SAT with Õ( m) qubits

If φ is a 3SAT instance with n variables, if Merlin has to prove to Arthur that it is satisfiable using
a single proof/witness, it has to be n bits long. This is because if there was a o(n)-size witness,
one could iterate over all possible witnesses to have a 2o(n) algorithm for 3SAT, which is known
to be unlikely. This turns out to be true even in the quantum setting, where a o(n)-qubit witness
for 3SAT would imply a 2o(n) -time quantum algorithm. However, if the verifier (Arthur) is given
access to multiple unentangled quantum proofs, Aaronson et al. (2008) proved that 3SAT has a
sublinear proof, which was not possible with a single quantum proof.
Theorem 1 Let φ be a satisfiable 3SAT instance with n variables and m ≥ n clauses. √
Then
its satisfiability can be proved, with perfect completeness and constant soundness, using Õ( m)
unentangled quantum proofs, each with O(log m) qubits.
If √m
= √O(n), then the number of unentangled quantum proofs needed is
Õ( n) = O( n polylog(n)), which is almost a quadratic improvement over the linear witness
size that is known to be the best possible one in both the classical and quantum setting for a single
8

witness, demonstrating the possible superiority of multiple witnesses.
The outline of the algorithm proposed by Aaronson et al. (2008) is as follows. We first reduce the
3SAT instance φ to a specific format of SAT using classical reductions to produce the following
properties (in this order):
• Probabilistically checkable (PCP): The formula is either satisfiable, or at most a 1 − ε
fraction of the clauses are satisfiable. Such a reduction is possible due to Dinur (2007) with
a polylog(n) blowup of the size of the instance.
• Balanced: Every variable occurs in at most a constant number of clauses. Such a reduction
is possible due to Papadimitriou & Yannakakis (1991) with a constant blowup of the size of
the instance and without affecting the PCP property.
• 2-out-of-4 SAT: Every clause now has 4 variables, and the whole formula is satisfied if and
only if two variables in each clause are set to 1. Such a reduction is possible due to Khanna
et al. (2000) with a constant blowup of the size of the instance and without affecting the
previous two properties.
Now let ϕ be the SAT formula equivalent to φ but in the desired format. If ϕ has a satisfying
assignment and we only have one Merlin, this Merlin can send a proof of the form
N
1 X
(−1)xi |i⟩
|ψ⟩ = √
N i=1

where N is the number of variables in ϕ, and x1 , . . . , xN is a satisfying assignment for ϕ. Assuming
Arthur receives such a proof, he can perform the following Satisfiability Test. Split the clauses into
a constant number of blocks B1 , . . . Bs such that no variable appears in more than one clause in
each block. Next, choose a uniformly random block Br and measure |ψ⟩ in the basis where each
clause in Br is a projector. Suppose that after measurement, we obtain a reduced state |ψijkl ⟩
corresponding to a clause containing variables (i, j, k, l). |ψijkl ⟩ will look like
1
|ψijkl ⟩ = ((−1)xi |i⟩ + (−1)xj |j⟩ + (−1)xk |k⟩ + (−1)xl |l⟩)
2
Recall that in a satisfying assignment,
exactly two variables are set to 1 (since ϕ is a 2-out-of-4

4
SAT instance). Thus we have 2 = 6 possible satisfying assignments out of the possible 24 = 16.
This gives us 3 orthogonal states (since we have 3 pairs of states, where each pair is the negation
of each other), and we can perform another projective measurement to determine which of these 3
states we have. Thus, by performing another projective measurement on |ψijkl ⟩, we can accept
with probability 1 if this clause has two variables set to 1, and reject with constant probability
otherwise. Overall, the soundness probability is constant, since we have a constant probability of
encountering an unsatisfied clause (i.e. the clause does not have two variables set to 1) due to the
PCP property, and a constant probability of rejecting when we measure the reduced state from
such a clause.
However, if Merlin is cheating, we are not guaranteed to obtain proofs in the desired form.
Therefore, we need another test to detect if the Merlins are sending states of the proper form.
9

Aaronson et al. (2008) used the following Uniformity Test, which requires k Merlins. Choose a
matching M on [N ] randomly. Construct a basis containing orthonormal vectors √12 (|i⟩ + |j⟩)
and √12 (|i⟩ − |j⟩) for each edge (i, j) ∈ M, then measure all the proofs |ψ1 ⟩, . . . |ψk ⟩ in this basis.
What is special about this basis is that if all the k proofs are identical and in the correct format as
defined earlier, then it is not possible to measure both √12 (|i⟩ + |j⟩) and √12 (|i⟩ − |j⟩) among the k
measurements. To have a constant probability that at least two provers obtained a measurement
corresponding to the same edge in M (and thus√ set up the
√ possibility of measuring both
√1 (|i⟩ + |j⟩) and √1 (|i⟩ − |j⟩)), we require k = Θ( N ) = Õ( m) Merlins due to a generalized
2
2
version of the Birthday Paradox. Therefore, the final algorithm for k Merlins is to, with
probability 21 , do either: (1) execute the Satisfiability Test on a randomly chosen proof, or (2)
execute the Uniformity Test. It was proved that this algorithm has perfect completeness and
constant soundness (by showing that one of the tests will reject with constant soundness in all
cases), and thus 3SAT is in QMA(k, 1, s). Based on the earlier result, this means that 3SAT is in
QMA(2).

4.3

Non-existence of perfect ”disentanglers”

Showing that QMA(2) = QMA is to show that QMA(2) protocols can be simulated in QMA. One
potential approach of doing this is to have the verifier (Arthur) use a disentangler, a quantum
operation which can convert possibly entangled witness states from the prover (Merlin) into
separable witness states (tensored states).
Aaronson et al. (2008) showed that in
finite-dimensional Hilbert spaces, there is no such disentangling operation possible.
A superoperator is a mapping between density matrices that preserves traces.
Definition 4 Let H, K be finite dimensional Hilbert spaces. A superoperator Φ : H → K × K is
an (ϵ, δ)-disentangler if
1. Φ(ρ) is ϵ-close to a separable state for every state ρ
2. For every separable state σ, there exists a ρ such that Φ(ρ) is δ-close to σ.
If either ϵ or δ is non-zero but small, then such disentanglers do exist, where either there is a
specific output close to every separable state or every output is close to a specific separable state.
For the first approach, a classical description of the separable state to be prepared is measured in
the standard basis in order to prepare it. For the second approach, for some sufficiently large N , a
quantum state on N + 1 registers R0 , R1 , ..., RN is taken, an index i ∈ [N ] is sampled uniformly
at random and the joint state of R0 , Ri is output, discarding everything else. By the finite quantum
de Finetti theorem (König & Renner, 2005), with high probability this state will be close to
separable.
Watrous proposed the following conjecture:
Conjecture 1 For all constants ϵ, δ < 1, any (ϵ, δ)-disentangler requires dim H = 2Ω(dim K) .
A proof of this conjecture would be an important formal result supporting the claim that QMA(2) ̸=
QMA, and could even lead to a quantum oracle separation between the two classes. In the case
10

where ϵ = δ = 0, that is for ”perfect” disentanglers, it has been shown that they do not exist in any
finite dimension (Aaronson et al., 2008).
Theorem 2 Let Φ : H → K ⊗ K be any superoperator whose image is the set of separable states.
Then
dim K ≥ 2 =⇒ dim H = ∞
This result rules out the possibility of perfect disentanglers as an approach for simulating QMA(2)
protocols in QMA, which suggests that a separation between these two classes might be possible.

5

Open Problems

It is still unknown whether Pure-State N-representability is QMA(k)-complete, and that is an
interesting direction of study, along with the search for other QMA(k)-complete promise
problems. The class QMA(2) is still not well understood. For instance, a ”classical” problem in
QMA(2) but not obviously in QMA like the group-theoretic problem in Watrous (2000) is not
known. Watrous’ conjecture that for any approximate disentangler the dimension of the input
Hilbert space is at least exponential in the dimension of the output Hilbert space is a central open
question about QMA(2). Another interesting class is QCMA, where advice is in the form of
classical strings, but Merlin and Arthur use quantum computers. Aaronson & Kuperberg (2007)
gives a quantum oracle separation between QCMA and QMA, but a classical oracle separation
between them is still an open question.

6

Conclusion

In this report, we have explored the complexity class QMA(k) (QMA with multiple Merlins) and
its relevant results. We first discussed results leading to the fact that QMA(k) = QMA(2), which
means that k Merlins can be simulated using 2 Merlins. We then gave a proof sketch for the
theorem by Harrow & Montanaro (2013) which establishes this result, along with the necessary
amplification of completeness and soundness probabilities which make it possible. Next, we
discussed evidence which indicates that QMA(2) might not be the same as QMA, though there is
no concrete theoretical result which proves the same.
We discussed the pure state
N-representability problem, which is known to be in QMA(k) but its membership in QMA is
unknown. Then, we talked about Aaronson et al. (2008)’s result that satisfiable 3SAT instances
have sublinear proofs if multiple quantum witnesses are permitted, which demonstrates an almost
quadratic improvement over the best known (linear) result for the one witness setting. Finally, we
ruled out a potential approach for showing that QMA(2) = QMA by proving the non-existence of
perfect ”disentanglers”: quantum operations which can convert possibly entangled states into a
tensor product of states.
It has been observed time and again that nature has a lot of untapped potential as we can see how
quantum computation is able to do what does not seem possible for classical computation. Being
a relatively nascent area of research, quantum complexity and its developments have a lot to tell us
about what is and what is not possible to achieve using the power of quantum computation.
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